Abstract. We prove that no smooth symmetric convex body Ω with at least one point of nonvanishing Gaussian curvature can admit an orthogonal basis of exponentials. (The nonsymmetric case was proven in a preprint by M. Kolountzakis). This is further evidence of Fuglede's conjecture, which states that such a basis is possible if and only if Ω can tile R d by translations.
holds in R 2 if the boundary of Ω is piecewise smooth, and has at least one point of nonvanishing Gaussian curvature.
By the Gauss-Bonnet theorem, a smooth convex hypersurface has at least one point of nonvanishing Gaussian curvature. Thus Theorem 0.1 verifies Conjecture B for smooth Ω, and for piecewise smooth Ω R 2 .
The proof of Theorem 0.1 is based on the geometry of the set
The relevance of this set lies in the trivial observation that for any spectrum Λ of Ω, we have
For any 2 R d and ball B, define the set X Ω,,B by
Definition. We say that a set S R d is 1-separated if inffjx,yj: x, y 2 Sg 1.
Define the entropy E(X Ω,,B ) to be the largest number of 1-separated points one can place inside X Ω,,B .
Theorem 0.1 now follows immediately from the following two propositions. Techniques similar to those used to prove Proposition 0.2 can be used to show the nonexistence of spectra for other types of domains than convex bodies with a point of nonzero curvature. In a subsequent paper the authors will address this issue in the context of convex polygons. Let B 1 , B 2 be any balls of radius R such that
Notation
( 1.1) Sinceˆ Ω is smooth and nonvanishing at the origin, we see that dist(0, Z Ω ) &1.
We also have the density property
for i = 1, 2; see e.g. [Lan] , [Beu] , [IoPe2] .
From these two properties we may find 1 , 2 2 B 1 so that j 1 , 2 j 1.
(1.4) From (0.2) and (1.1) we have
for all 2 B 2 Λ. We can rearrange this as
(1.6)
The claim then follows from (1.2), (1.3), and (1.4).
Proof of Proposition 0.3. We first prove Proposition 0.3 in the case where the boundary of Ω is smooth. We shall then explain how the proof can be modified in two dimensions to yield the conclusion of the theorem under the assumption that the boundary of Ω is piecewise smooth and has at least one point of nonvanishing Gaussian curvature.
Let Ω be as in Theorem 0.1; we may assume that Ω is symmetric around the origin. Our main tool will be the method of stationary phase.
Our starting point is the formula
of Herz [H] , where n denotes the unit outward normal vector to @Ω and d denotes the Lebesgue measure on @Ω.
Let x 0 be a point on @Ω with nonvanishing Gaussian curvature. By the symmetry assumption ,x 0 is also in Ω. Let be a smooth cutoff function supported in a small neighborhood of x 0 . Let C denote the cone of vectors normal to Ω on the support of . If the boundary of Ω is smooth, integration by parts yields, for 2 C,
where N is an arbitrary constant.
Fix R 1, and let B be a ball of radius R in C which is a distance R from the origin. A stationary phase calculation (see e.g. [H] ) gives From (2.5) we thus see that
From (2.4) we deduce that P is smooth on B, rP is homogeneous of degree 0 and nondegenerate on B. In fact, as ranges over B, rP parametrizes a piece of @Ω where the Gaussian curvature does not vanish. A direct computation in the style of [H] shows that the Hessian quadratic form of P is homogeneous of degree ,1 and has rank d , 1. Moreover, the eigenvalues of this form at are bounded by the constant multiple of the reciprocal of the smallest principal curvature at x, where x is the unique point where is normal to @Ω. (See also [So] , Ch. 1). At this point, Taylor's theorem gives
Now, our observations imply that rP() is bounded independent of R, from which we deduce there are only a finite number of elements of Z, independent of R, which are relevant in this distance calculation.
We next observe that our conclusions about rP , combined with (2.7), imply that = jj lies within O(R ,1 ) of a finite number, independent of R, of d ,2- 
